Abstract: Cooperative quantum cutting mechanism in a spectral converter of Tm 3þ =Yb 3þ -codoped tellurite glass is investigated by setting up and solving the theoretical model of rate equations and power propagation equations in MATLAB. Based on the optimal rare-earth (RE) ion concentration and the thickness of the spectral converter, a 155% total power conversion efficiency and a 171% total quantum conversion efficiency have been obtained. For a single-crystalline silicon solar cell, a 20.09% energy conversion efficiency under the optimized solar irradiation compared with a 17.94% energy conversion efficiency under the normalized solar irradiation has been obtained using PC1D, and the simulated relative energy conversion efficiency for the single-crystalline silicon solar cell approaches up to 1.12. These results show that the use of a spectral converter yields better single-crystalline silicon solar-cell performance compared with the normalized solar irradiation. Our results and techniques also provide a framework for investigating and optimizing the Tm 3þ =Yb 3þ couple and other RE-doped spectral converters, potentially enabling a single-crystalline silicon solar cell with an efficiency enhancement.
Introduction
The main energy loss in crystalline silicon (c-Si) solar cells for converting solar energy to electricity is related to the mismatch between the solar spectrum and the band-gap energy of c-Si semiconductor. For photons with energy lower than the band gap, the energy cannot be absorbed, while for photons with energy larger than the band gap, the excess energy is lost by thermalization of hot charge carriers. The spectral mismatch limits the energy conversion efficiency (Eff) of c-Si solar cells [1] . Planar converters containing spectral-converting entities on top of standard c-Si solar cells are simple and cheap application of spectral downconversion (DC) for enhancing performance of c-Si solar cells. Spectral-converting entities convert the wavelengths where the spectral response is low to wavelengths where the spectral response is high [2] - [5] . A promising method helping singlec-Si (sc-Si) solar cells capture more energy is by solar spectral converters containing lanthanide rare-earth (RE) ion near-infrared (NIR) quantum cutting (QC): cutting a near ultraviolet (UV) photon into two NIR photons that can be well absorbed by sc-Si solar cells [6] . Effective spectral conversion is obtained by spectral converters doping different RE ions. Incident solar photons with energy larger than twice the band gap of sc-Si solar cells are absorbed within the spectral converters and then be transformed into two or lower energy photons by means of energy transfer (ET) between RE ions. The mechanism will reduce the energy loss related to thermalization of hot charge carriers and then enhance the Eff of sc-Si solar cells. NIR QC was achieved first in YPO 4 : Tb 3þ , Yb 3þ where a visible photon is converted into two NIR photons through ET from Tb 3þ to Yb 3þ [7] , and a cooperative dipole-dipole ET mechanism had been established in Tb 3þ -Yb 3þ couple [1] , [8] . Following the work, recently, similar phenomena of efficient DC for sc-Si solar cells with a variety of RE 3þ -Yb 3þ (RE ¼ Yb, Tm and Ce) codoped phosphors and glasses were reported [9] - [11] .
In this paper, we investigate numerically NIR QC of Tm 3þ =Yb 3þ [11] - [13] codoped tellurite glass by setting up and solving the rate-equation and power-propagation-equation model of the Tm 3þ =Yb 3þ system. The power conversion efficiency (PE) and quantum conversion efficiency (QE) of the numerical simulation models are executed in MATLAB. The performance of a sc-Si solar-cell model is evaluated by photovoltaic simulation tool PC1D [14] .
Numerical Simulations

QC Theoretical Models
Thulium ions, when excited into the 1 G 4 level at 486 nm, can interact with Yb 3þ ions through cooperative ETs (CETs). The QC processes are depicted schematically, i.e., CETs from the level of the Tm 3þ donor, and then, the energy is transferred to two neighboring Yb 3þ acceptors as follows: Fig. 1 (a) and (b), the QC system of Tm 3þ =Yb 3þ is equivalent to a system of pump excitation transition. We propose the populationrate-and power-propagation-equation model of Tm 3þ =Yb 3þ . The group of rate equations and power-propagation equations can be written as follows: 
W ij ðz; Þ ði; j ¼ 1 $ 6Þ represents the transition rate between energy levels i and j, and can be expressed as
where h is Plank's constant, v ij is bandwidth, and A eff is the effective cross-sectional area. The additional conservation conditions are also given by
where N Yb 3þ is the total concentration of Yb 3þ ion.
Simulation Methods
We consider an initial steady state; the models can be solved numerically in MATLAB, where the population-rate equation groups (1)- (6) can be solved by Newton's iterative method, while the above propagation-rate equation groups (7) and (8) form a system of coupled differential equations, which can be solved by employing the fourth-order Runge-Kutta method and a set of boundary conditions. The modified solar spectrum P s ðz; Þ is obtained and optimized in MATLAB simulations. For our simulations, we choose tellurite glasses as host materials for its low phonon energy (750 cm À1 ) and high chemical stability. The spectroscopic parameters used in our analysis are chosen carefully from the literature and are listed in Table 1 .
The normalized solar spectrum [18] and the modified solar spectrum serve as input, respectively, for a sc-Si solar-cell simulation using PC1D. The performance of the sc-Si solar cell under different simulated irradiation conditions can be evaluated conveniently, and the CE and other parameters of the sc-Si solar cell are obtained. Table 2 shows several primary configuration parameters of the sc-Si cell, and the rest parameter with default values [14] are not mentioned in this table.
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Theoretical Model Simulation Results and Discussion
We choose 468 nm and 980 nm as Tm 3þ center excitation wavelength and the system emission wavelength, respectively. Incident solar spectrum is normalized for the case of complete absorption of incident solar emission in the spectral region corresponding to 468-nm absorption band of Tm 3þ ion. In order to calculate the effective absorption of the input solar spectrum in the system accurately, the Tm 3þ absorption line width around 468 nm should be considered. We define overlap coefficient of Tm 3þ absorption spectrum and incident solar spectrum as
where I ab ðÞ is Tm 3þ absorption spectrum around 468 nm, and I in ðÞ is incident solar spectrum around 468 nm. The calculated is 0.3857, as shown in Fig. 2(a) . It means that 38.57% of incident solar energy can be absorbed effectively in the system during 468-nm excitation process.
For our simulations, we set P p0 ¼ 500 mW as initial solar power incident at 468 nm, and initial effective solar power P 0 p0 is calculated as P Ã p0 ¼ 192:9 mW. We also calculate initial 980-nm output light power P s0 of 214.9 mW in virtue of normalized solar energy spectrum, as shown in the inset of Fig. 2(b) . Initial concentrations of Tm 3þ and Yb 3þ , the thickness of the spectral converter are 1:0 Â 10 26 ions/m 3 , 1:0 Â 10 26 ions/m 3 , and 3 mm, respectively. Effective absorption of the input solar spectrum in the system that we analyzed above is considered in MATLAB simulations. 
The concentration effect of Tm 3þ and Yb 3þ on PE and QE of the spectral converter is shown in Fig. 3 . Here, the thickness of the spectral converter is fixed at 3 mm. A decrease of PE and QE nearly varies inversely with an increase of Tm 3þ concentration, and as Tm 3þ concentration increases from 1:0 Â 10 26 ions/m 3 to 4:0 Â 10 26 ions/m 3 , PE and QE decrease slightly, as shown in Fig. 3(a) . Meanwhile, PE and QE increases clearly with increased Yb 3þ concentration from 0 to Fig. 3(b) . Fig. 3 
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where P out ðz; Þ and N out ðz; Þ are the total number of the output light power and the total number of the output photons, respectively. P in ðz; Þ, P ab ðz; Þ, and P s ðz; Þ are the total number of the input solar power, Tm 3þ absorption power spectrum at 468 nm, and Yb 3þ output light power spectrum at around 980 nm, respectively. N in ðz; Þ, N ab ðz; Þ, and N s ðz; Þ are the corresponding spectra of the number of photons.
When investigating the thickness effect of the spectral converter on PE (and the total PE) and QE (and the total QE), Tm 3þ and Yb 3þ concentrations are both fixed at 1 Â 10 26 ions/m 3 , and Fig. 4 shows their relationships. A both enhancement of PE (and the total PE) and QE (and the total QE) with an increase of the thickness are exhibited. As the thickness increases from 0 to 9 mm (and from 0 to 3 mm), PE (and the total PE) and QE (and the total QE) increase clearly. It should be pointed out that PE and QE (and the total PE and the total QE) will no longer increase when the thickness exceeds the maximum value (the optimal value), due to absorption losses and sidescattering losses within the spectral converter [19] . In our simulation, for a thickness of the spectral converter z ¼ 3 mm, we obtain the optimal total PE of 155% and the total QE of 171% when Tm 3þ and Yb 3þ optimal concentrations are 5:9 Â 10 24 ions/m 3 and 6:3 Â 10 25 ions/m 3 , respectively. It is shown that the simulated maximum PE and the corresponding QE in our studies are in good agreement with experimental results in measured literature [11] - [13] , verifying feasibility and 
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QC Systems in Tm 3þ =Yb 3þ -Codoped Converters effectiveness of our simulated QC system of Tm 3þ =Yb 3þ ; thus, we can calculate accurately PE and QE of spectral conversion and acquire optimal system parameters including ion concentrations, the thickness of converter layers, etc.
The total power density spectrum of output light P out and the total spectrum of the photon number density of output light N out are shown in Fig. 5 . Tm 3þ absorption peak around 468 nm and Yb 3þ emission peak around 1000 nm are observed clearly. The spectrum curves illustrate effective processes of QC in Tm 3þ =Yb 3þ and spectral DC from one blue photon to two NIR photons. The sc-Si solar cells may obtain more energies and photons from the modified solar irradiation than the normalized solar irradiation, and the Eff enhancement for sc-Si solar cells can be expected. In virtue of NIR-QC, P out and N out are boosted under the modified solar irradiation compared with the normalized solar irradiation, which may enhance the Eff of sc-Si solar cells. However, the Eff enhancement not merely depends on the captured energy and the captured number of photons but on the external QE (EQE) based on the spectral converter and the internal QE based on the sc-Si solar cell; it should both be taken into account, and we will discuss subsequently.
Optical Configuration and Simulated Performance for a sc-Si Solar Cell
We imitate an optical configuration of the sc-Si solar cell (see Table 2 ) covered with a spectral converter from the analysis of Richards [19] , [20] , as shown in Fig. 6(a) . Solar light radiates into the top covered spectral conversion layer, and some wavelengths of solar light are converted due to the IEEE Photonics Journal QC Systems in Tm 3þ =Yb 3þ -Codoped Converters spectral conversion mechanism. Solar light incidents from the surface of the top covered spectral conversion layer and is absorbed by the doping RE ions and re-emits. During the process after incident and before absorbing, scattering and escape cone losses weaken the strength of the incident solar light. The emission light from the luminescent center is unidirectional, and the emitted light can arrive to the surface of the sc-Si solar cell, only when the angle of incidence less than the angle of total reflection. The Si 3 N 4 coated pyramidally textured surface of the sc-Si solar cell is used to increase the absorbance of the solar light [19] , as shown in Fig. 6(b) . Here, we suppose the incident solar light is vertical to the surface of the top spectral conversion layer, considering the incident size of solar light is several orders of magnitude smaller than the size of the sc-Si cell model. We can calculate the angle of total reflection from tellurite glass to air to be 28.4 by the equation sin ¼ n air =n tellurite glass , where n is the refractive index and n (air), n (tellurite glass), and n ðSi 3 N 4 Þ are 1, 2.1, and 2, respectively. When the incident angle is less than 28. 4 , the light can arrive to the surface of the sc-Si solar cell, while the effective absorption is further weakened owing to the scattering occurring on the Si 3 N 4 surface. Detailed calculations of the optical configuration for sc-Si solar cell covered with the spectral converter that we analyzed above are executed in PC1D simulations.
For the sc-Si solar-cell simulation model, the normalized solar irradiation and the modified solar spectrum P out (see Fig. 5 ) serve as input, respectively. Several performance parameters of the sc-Si solar-cell model (see Table 2 ) are obtained using PC1D, as summarized in Table 3 . We define the relative Eff as Eff m =Eff s ð m = s Þ, where Eff m ð m Þ and the Eff s ð s Þ are the Eff ðÞ for the modified (optimized) solar irradiation and the normalized solar irradiation, respectively.
It can be seen that the inclusion of the spectral converter based on the Tm 3þ =Yb 3þ -codoped tellurite glass allows for a better use of the solar spectrum. For the sc-Si solar cell, the short-circuit ðJ sc Þ and the maximum output power ðP max Þ increase effectively while the open-circuit voltage ðV oc Þ and fill factor (FF) increase slightly, as listed in Table 3 . Very little effect of the operation of the spectral converter is obtained on FF and V oc because the spectral converter changes just the distribution of the incident photon flux, to connect directly with the generation of carrier densities and lead to the increase of J sc in the sc-Si solar cell without changing the diode property of the sc-Si solar cell. P max is proportional to the J sc from the relationship P max ¼ J sc V oc FF and thus FF and V oc to be nearly uninfluenced under the operation of the spectral converter [21] . Since the simulated Eff of the sc-Si solar cell is enhanced after incorporating enhancement mechanism employing spectral DC, the potential benefits for actual sc-Si solar cells are expected.
It should be noted that, in practice, the results for performance enhancement of sc-Si solar cells may perhaps decrease since our simulations are based on the normalized solar irradiation and the normal (vertical) incidence of irradiation without taking into account other irradiation conditions and varied incidence angle of irradiation. Further studies are in progress.
The QC system is a promising and simple application of spectral DC for enhancing performance of sc-Si solar cells. Such spectral converters can be applied to existing standard sc-Si solar cells without any modifications to sc-Si solar-cell configurations. Hence, optimization of the spectral converter to yield an increase in the Eff of the sc-Si solar cell can be carried out independently of the sc-Si solar cell. Following the work in this paper, we have also investigated RE 3þ =Yb 3þ (RE ¼ Ho, Nd, and Pr) codoped complex (tellurite, fluoroindogallate, and fluoride) glasses. Our calculated results show these RE couples have similar capabilities to assist effectively in enhancing performance of sc-Si solar cells. We will report further work subsequently. 
Conclusion
In summary, the ET mechanism of NIR QC for Tm 3þ =Yb 3þ -codoped tellurite glass based on the rateequation and power-propagation-equation model has been investigated, and the theoretical model has been solved numerically using MATLAB. Variation of PE and QE with the thickness and concentration of the spectral converter have been investigated, and a higher PE of 155% and QE of 171% under the optimal ion concentrations of Tm 3þ and Yb 3þ have been obtained. In PC1D simulations, a relative Eff of 1.12 for a sc-Si solar-cell model has been obtained under the optimized solar irradiation compared to the normalized solar irradiation. It is expected that the use of a spectral converter yields better sc-Si solar cells performance compared to the normalized solar incident spectrum.
In our paper, we have set up an effective model for simulating the Tm 3þ =Yb 3þ system and have calculated accurately PE and QE of spectral conversion, and acquired optimal system parameters. The models and techniques that we have proposed in this paper will be helpful to further investigate the Tm 3þ =Yb 3þ couple with other different hosts and design the QC system of RE-ion-doped couple with much more efficient for further enhancing the Eff of sc-Si solar cells.
